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Abstract 



> 

u 

. In this note, we give a new simple system of global parameters on the moduli 

, space of rational functions, and clarify the relation to the parameters indicating 

location of fixed points and the indices at them. As a byproduct, we solve a 
conjecture of Milnor affirmatively. 

T— I ■ 
> 

(N : 1 Introduction 

Let Rat(i be the set of all rational functions of degree d > 1, and the set 
^ of all Mobius conjugacy classes of elements in Rat^^, which is called the moduli 

Q ■ space of rational functions of degree d. 

0\ . Here it is a fundamental problem to give a good system of parameters on 

' M^. And McMullen showed in [McMullen 87| that, outside the Latte loci, every 

multiplier spectrum at periodic points corresponds to a finite number of points 
^ . in Mrf. This result is epoch-making, and many researches have been done on 

the system of multipliers, or indices, at periodic points. Among other things, 
the following example is well-known. 

Example 1 ( [Milnor 93j ). When d = 2, there are 3 fixed points counted in- 
cluding multiplicities, the indices of which satisfy a single simple relation, called 
Fatou's index formula. Hence, we can consider a map <I>2 : M2 — > C'^ induced 
by two of three fundamental symmetric functions of multipliers at fixed points. 
This map $2 is bijective, and hence gives a coordinate system for M2. 

Remark 1. In the case of polynomials, the set of multipliers, or indices, at fixed 
points gives an interesting system of parameters on the moduli space of polyno- 
mials. For the details, see {Fujimura 071 and {Fujimura and Taniguchi "O^ . 

Clearly, the multipliers at fixed points only are not enough to parametrize 
the moduli space M^j when d > 2. But, it seems difficult to find a suitable set of 
multipliers at periodic points for obtaining a good system of global parameters. 
On the other hand, in the case of polynomials, the set of monic centered ones 
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is often used as a virtual set of representatives of points in the moduli space 
MPoly,^ of polynomials of degree d, and it is well-known that the coefficients 
of them give a useful set of parameters on MPoly^, which in particular induces 
the complex orbifold structure of MPoly^. We give, in §2, a family of rational 
functions whose coefficients give a good system of parameters on M^^ in a similar 
sense as in the case of the family of monic centered polynomials. 

In §3, we investigate the correspondence between these coefficient parame- 
ters and the union of the set of the indices and location of fixed points, which 
gives a candidate of an important subsystem of parameters on M^. Here, the 
overlap type of fixed points naturally gives a stratification of M^^. We introduce 
a natural system of coordinates on each stratum. As a byproduct, we give an 
affirmative answer to a conjecture of Milnor proposed in the book [Milnor 06] . 

2 A normalized family of rational functions 

A general form of a rational function of degree d is 

Q{z) 

with polynomials P{z) and Q{z) of degree at most d, where P{z) and Q{z) 
have no common non-constant factors and one of them has d as the degree. To 
consider the moduli space M^, we may assume without loss of generality that 
Q{z) is of degree d, and that the resultant Resul(P, Q) of P{z) and Q{z) does 
not vanish. Also it imposes no restriction to assume that Q{z) is monic. We call 
such a rational function satisfying the above conditions a canonical function. 

Definition 1. The canonical family Cd of rational functions of degree d is 
defined as the totality of canonical functions of degree d as above: 

degQ = d, Resul(P, Q) / 0, Q is monic . 

Moreover, writing 

P{z) = Odz'^ + • • • + ao, Q{z) = / + 6rf_i/"^ + • • • + 6o, 

we call the vector (a^, • • • , oq, • • • , 6o) the system of coefficient parameters 
for Cd. 

Every point in contains an element in Cd as a representative. On the 
other hand, since is (2d— 2)-dimensional, while the dimension of Cd is 2d+l, 
we can consider to impose three normalization conditions on elements in Cd- 
Here we impose 

ao = 0, bi = —1, and 6o = 1- 

We call a rational function in Cd satisfying these conditions a normalized func- 
tion. 



R{z) 



G Rat 
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Definition 2. We call the family consisting of all normalized functions in 
the normalized family of degree d, and denoted by N^. 

More explicitly, 

/V = / ad^'^ + • • • + aiz 

1 z'^ + + • • • + 62^2 _ ^ + 1 ^ ^'^ 

and we call the vector (a^, • • • 5^2) the system of coefficient pa- 

rameters for N[i. Here, we can show that is an ample family of rational 
functions for every d. 

Example 2. When d = 2, the natural projection of N2 to M2 is surjective. To 
see this, it suffices to show that every possible set of multipliers {7711,7712,7713} 
at fixed points corresponds to a rational function in (cf- Example [T|). 

First, if the set is {1, 1, 1}, then a corresponding rational function in is 
uniquely determined (cf. Example Hj) and is 



Riz) 



-z^ + z 



-z + l 

If the set is {1, 1, 777} with 777 7^ 1, then a corresponding rational function is 

z{mz + p) 



R{z) 



p{z'^ — z+l) 



with a solution p oi p^ + (777 + l)p + m'^ = 0. 

Next, in the remaining cases, the set {7^1,7^2,7773} of multipliers satisfies 
that mj 7^ 1 (j = 1,2,3) and Fatou's index formula 

1 1 1 

+ + = 1- 



1 — 7ni 1 — 7772 1 — "1-3 

Here if the set is {0, 0, 2}, we can see that a corresponding rational function is 

— z + 1 

And otherwise, we can choose 777 and m' among {7^1,7772,7773} so that 

771' {0, +i/V3}, mm' — 1 7^ 0, and 777 + 777' — 2 7^ 0, 

which are assumed to be 7771 and 7772, respectively. Then the equation 

{—mf + 37771 — 3)p^ + (2m2mi — 3m2 — l)p — m\ = 

has a non-zero solution p. With this p, we see that a corresponding rational 
function is 

— ((7771 — 2)p — 7772) {{mip + l)z + (777? — 2mi)p — m2mi)z 
R( z] = — — — — . 

p[{mi — l)p — 7772 + 1) (z^ — Z + 1) 
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Here, (mi — m2+l 7^ from the assumption, and we conclude the assertion 
when d = 2. 

Note that, in terms of the fundamental symmetric functions 
(Ti = mi + m2 + ms, (72 = mim2 + mims + m2m3, and as = mim2m3, 
the natural projection of A^2 — {(^2, ai) I «2 + ^i^"^ + c^i / 0} to M2 is given by 

+ af 02 + af — 2af + 3ai 
•^1 ~ 2~. ; — 2 ' 

02 + 0X0.2 + Oi 

-(af - 2ai)al + (ai - 2)02 - 2af + Aaj - 4ai + 3 

•^2 — 2~, ; — 2 ' 

a| + aia2 + af 

(73 = ai- 2. 

In general, we obtain the following. 

Theorem 1. For every d> 2, the natural projection of to is surjective. 

Proof. The assertion for the case that d = 2 is shown in the above example. 
When d = 3, we can show the assertion by direct calculations using a symbolic 
and algebraic computation system, the detail of which is contained in §4 for 
the sake of readers' convenience. So, we assume that c? > 4 in the sequel of the 
proof. 

Let X be a point of and R{z) a rational function of degree d contained 
in the Mobius conjugacy class x. Then we may assume that R{z) is canonical 
and R{0) = 0, by taking a Mobius conjugate of R{z) if necessary, which implies 
in particular that 

ao = and bo 7^ 0. 

Next, if we take conjugate of R{z) by a translation L{z) = z + a. Then we 
have 

._i „ ... {aaiz + af + '-' + ao) -a{iz + af + --- + bo) 

L '■oRoL{z) = - ; ; -, 



which we write as 



a-dz''- H h ao 



z"^ + bd-iz'^-'^ + • • • + 60 
Here, if q is a fixed point of R{z), then 

ao = 0, and 60 7^ 0. 

Also, taking as a one, say (r, of fixed points of R{z) with the largest multiplic- 
ities, we may assume that R{z) has no non-zero fixed points with multiplicity 
d. Moreover, if is a non-simple fixed point of o Ro L{z), then 

ai = bo. 
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And hence if ai ^ bo, then every fixed points of R{z) is simple, and there is a 
non-zero fixed point ("/j of R{z) such that bi ^ 0. Indeed, letting {(^i, • • • , (^d} 
be the set of non-zero fixed points of R{z), we consider conjugates of R{z) by 
Lk{z) = z + Ck- Then 

bi = dCt' + id- m-iCt^ + • • • + 61 

can not be for all k. Also repeating such change of fixed points again if 
necessary, we can further assume that there are neither circles nor lines in 
C — {0} which contain all non-zero fixed points, since we have assumed that 
d> 4. 

Thus we may assume from the beginning that ao = 0, 60 7^ 0, and (dbo — 
ai)z + bi is not constantly 0, R{z) has no non-zero fixed points with the mul- 
tiplicities d, and if R{z) has simple fixed points only, then there are neither 
circles nor lines m C — {0} which contain all non-zero fixed points. 

Now, set 

pz + q 

Then we have 

q{adz'^ H h aiz{pz + q)'^~^) 



T-^oRoT{z) = 



-p{adZ<^ + h aiz{pz + q)'^-^) -\- {z'^ + ■ ■ ■ -\- bo{pz + q)'^) ' 



The constant term of the numerator remains to be 0, and the coefficients of z'^ 
in the numerator and the denominator change to 

a*d{p, q) = q{ad H 1- aip'^'^) and 

b*dip) = -P{ad + ■■■ + ai/"^) + (! + ••• + 60/), 

respectively. If b'^{p) 7^ 0, divide both of the numerator and the denominator 
of the conjugate o Ro T{z) by Then the coefficients ai, 60 and bi, 

for instance, change to 



biip,q) = 



b*dipy 

-aipq'^~^ -f- biq'^~^ + dbopq'^~^ 



bdiP) 

Also, the condition bi{p,q)/bo{p,q) = — 1 implies that 

{dbo - ai)p + bi 



q = q{p) = -- 



bo 



First, if 60 = CLij then bQ{p,q{p)) is a rational function of p such that the 
degrees of the numerator and the denominator are exactly d and not greater 
than d — 1, respectively. Hence there is a finite p with bo{p, q{p)) = 1. Next, if 
dbo = ai, then 60 (p, (l{p)) is a rational function of p such that the degree of the 
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denominator is exactly d and the numerator is a non-zero constant. Hence there 
is a finite p with bo(p,q{p)) = 1. Finally, if otherwise, namely, if bp 7^ c^i Siiid 
dbo 7^ ai , then the degrees of the numerator and the denominator are exactly d 
and R{z) has simple fixed points only. We write non-zero fixed points of R{z) 
as {Cfe}fe=i- Suppose that h(}{p, q{p)) can take the value 1 at oo only. Then with 
some non-zero constant C, 

boip,q{p)) = l+ ^ 



which imphes that {1/Cfc}fe=i lie on the same circle, for h*^{p) = 11^=1 (1 ~ CkP)- 
But then, {(^fe}^^]^ should be on a same circle or a line not containing 0, which 
contradicts to one of the assumptions from the beginning. Hence we conclude 
also in this case that there is a finite p such that 6o(P! l{p)) = 1- 

Thus we obtain a T{z) such that oRoT{z) belongs to AT^ if d > 4, and 
the proof is now complete. □ 

For a generic point oiM^, there are only a finite number of rational functions 
in Nd belonging to the point, as is seen from the proof of Theorem 1. On the 
other hand, some points of can blow up in as in the following example. 

Example 3. Set 

, -3z^ - - 2z 

^(^) = 3 ^ • 

Z'^ — z — 1 

Then R{z) has a simple fixed point at 0, and one with multiplicity 3 at —1. 
As in the proof of Theorem 1, letting 

pz — 1 — p 

set Rp{z) = T-i o o T{z). Then we have 

jl .X _ (2p^ + 4p + 3)z^ + (-4p2 - 8p - 4)^2 + (2p2 + 4p + 2)z 

~ {P^ + 2p + l)z^ + _ 2p)z'^ + -2p-l)z+p^ + 2p + l' 

Hence if we set p= l/{p^ + 2p + 1), 

{p + 2)z^ - 4^2 -I- 2z 



Rp{z) = Rp{z) 



z^ + {p- 1)^2 - z + 1' 



Thus Rp{z) belongs to N^, and represents the same point of M3 for every non- 
zero p. Indeed, every Rp{z) is conjugate to Ri{z) by 

S{z) 



(l-pV2)^+_pl/2- 
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3 A stratification of the moduli space 

Every rational function R(z) = P{z)/Q{z) of degree d not fixing oo can be 
written also as 

P{z) 



R{z) =z- 



with monic polynomials P{z) and Q{z) of degree d+1 and d, respectively. Using 
this representation, we have another system of parameters, some of which are 
fixed points of R{z). 

Definition 3. Let 

with ^ 

P{z) = zQ{z) - P{z) = f[{z- C^r^ (0 G C), 

i=i 

where C,j are mutually distinct and Uj are positive integers which satisfy 



fe=i 

Then we call the set {ni, • • • ,np} the overlap type of fixed points of R{z). 
We set 

C{ni, • • • , Hp] = {^R{z) G Cd I the overlap type is {ni, • • • , rip}} 

and call it the {ni, • • • , np\-locus of Cd- The subset 

C'd = {R{z) G Cd I the overlap type is not {1, • • ■ , 1}} 

of Cd is called the overlap locus of Cd- 

Similarly, we can define the {ni, • • • , np}-locus of Nd by setting 

N{ni, • • • , Hp} = {R{z) G Nd I the overlap type is {ni, • • • , np}}. 

Also the subset 

Nd = {Riz) G Nd I the overlap type is not {1, • • • , 1}} 

of Nd is called the overlap locus of Nd- 

Since the overlap type of fixed points is invariant under Mobius conjugation. 
Theorem 1 implies the following result. 

Corollary 1. Let be the subset of all points of Md represented by rational 
functions having non-simple fixed points- Then the natural projection tt of N^ 
to M'^ is surjective for every d>2. 
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Definition 4. The image of every {ni, • • • ,np}-locus of by vr is called the 
{ni,--- ,np}-stratum of Ma, and denoted by M{ni,--- ,np}. The resulting 
stratification of M^^ is called the overlap type stratification. 

Remark 2. The above loci are defined by algebraic equations (cf. Example^ 
and\^^, and hence a Zariski open subset of complex algebraic sets in and in 
N(i (with respect to the system of coefficient parameters). For instance, 



P{z) 



G Cd I Discr(P) = 



Example 4. In the case of d = 2, 

«i = ^0 - {hi - 02)^/3, 



C{3} = I {a2,ai,ao,bi,bo) 



{a2,ai,ao,bi,bo) 



ao = -{bi - 02^/27 

-27al + ao {4(6i - 02)^ - 18(6o - ai)(6i - 02)} 
+(ai - bo)\bi - 02)2 + 4(ai - bo)^ = 



N{3} ^ {(-1,1,0,-1,1)}, 

AT^ ^{(02,01,0,-1,1) I ai-l = -(a2 + l)V4 or oi = l}. 
Example 5. In the case of d = 3, 

C{4} = |(a3,a2,ai,ao,^2,&i,feo) 

02 = &i - 3(62 - asf/S, oi = 60 - (&2 - a3)Vl6, 



Oo 



-(62 - 03)7256 



C3 - \ {a3,a2,ai,ao,b2,bi,bo) 



D = 



where 

D = 256o|] + ag{l28(6i - 02)^ - 144(^2 - 03)2(^1 - 02) + 27(62 - as)^ 
+ 192(62 - a3)(6o -ai)}+ oo{l6(6i - 02)' - 4(62 - 03)^(61 - 02)^ 

- 80(6o - ai)(62 - a3)(6i - 02)^ + 18(6o - oi)((62 - 03)^ + 8(60 - ai))(6i - ^2) 

- 6(60 - ai)\b2 - asf} + {bo - ai)2(4(5i - 02)^ - (62 - ^3)^(61 - 02)^ 

- 18(6o - oi)(62 - as){bi - 02) + (60 - ai)(4(62 - 03)^ + 27(6o - ai))) 

iV{4} ^ {(c,-l,l,0,c,-l,l) I cGC}, 

and 

^3 - |(a3, 02,01, 0,62, -1,1) 

-27(oi - 1)2 + (01 - 1)(4(62 - asf + 18(o2 + 1)(62 - 03)) 1 
+(02 + 1)2(62 -03)2 + 4(02 + 1)3 = or 01 = 1 /• 
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On the other hand, it is well-known that the denominator Q{z) of R{z) in 
C{ni, ■ ■ ■ ,np} can be represented uniquely as 

p . nfe-l . 

Q(^) = E ( E ^k,n,-n{z - CkT) n - ^jT' ■ 
k=l ^ n=0 j^k ^ 

In other words, Q{z)/P{z) has a unique partial fractions decomposition 

Q!l,ni , «2,n2 . . 

Here, the assumptions imply that a^^rik for every k and 

fc=i 

Definition 5. The set {Cfc} of fixed points and the set {aj./} of coefficients 
give a system of parameters for C{ni,--- ,np}, and is called the system of 
decomposition parameters for C{ni, • • • , rip}. 

Theorem 2. Set 

E{ni,--- ,np} = |(Ci,--- ,Cp>«i,ir-- ,Q;i,ni,a2,i, • • • ,ap,np) e C'^+^'+^ 

^ afe,i = 1, afe,nfc7^0 (A; = I,--- ,p) L 

k=i ^ 

Then the natural projection IT of E{ni, • • • , rip} to C{ni, ■ ■ ■ , rip} (with respect 
to the system of coefficient parameters) is a holomorphic surjection. 

Moreover, C{ni, ■ ■ ■ ,np} has a complex manifold structure such that H is 
a finite- sheeted holomorphic covering projection. 

We call E{ni, ■ ■ ■ ,np} the marked {ni, • • • , Up} -parameter domain. 

Proof. Since 11 is a polynomial map, it is holomorphic. To show other asser- 
tions, note that the defining domains of the system of decomposition parameters 
is the product space 

d+l 

n cj,jc^+'), 

n=l 

where Cm(C") is the configuration space of m distinct vectors in C"" and Nn is 
the number of i with = n. In particular, Nn > only if 

min{rii, • • • , Up} < n < maxjrii, • • • , Up}, 

the set {(n, 1), ■ • • , (n, Nn)} is empty if there are no i with n£ = n, and 

d+l 

nNn = d + 1. 

n=l 
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The coordinates of the product space can be written exphcitly as follows; 
£■{721, • • • ,np} 

(^{(Ci,i,"{i,i),i) , (Ci,Afi,a(i,Ari),i)}, 

d+l 

(Cd+i,iVd+n«{d+i,iVd+i),i''" '«(rf+i,Afd+i),d+i)}) e n 

n=l 

d+l /^fc \ 1 

^{y^ ot{k,j),i] = oi{k,*),k^o {k = I,- ■ ■ ,p)>, 

k=i S=i ^ J 

where all ("s are mutually disjoint as before. 

Now the map 11 is factored through by the canonical finite-sheeted holomor- 
phic covering projection a of E{ni, • • • , Up} to E{ni, ■ ■ ■ , Up} and the natural 
holomorphic bijetion t of E{ni, ■ ■ ■ , Hp} to C{ni, • • • , Up}: 

H = Lo a. 

In particular, c induces the desired complex manifold structure on C{ni, • • • , Up}. 

□ 

Remark 3. On the non-overlap locus C{1,--- ,1} = Cd — C'^, {afc,i}fix 
the system of decomposition parameters are nothing but the indices at the fixed 
points {Ck}k~i> which implies the assertion of Problem 12-d in [Milnor 06f . 

Corollary 2. If the location and the overlap type of fixed points and the indices 
at them are fixed, then the resulting subset of C{ni,--- ,np} has a natural 
complex manifold structure of dimension d + 1 — p. 

Proof. By Theorem 3, we need only to note that 

dime C{ni, ■ ■ ■ ,np} = d + p. 

□ 

This corollary gives the affirmative answer to a conjecture of Milnor stated 
in Remark below Problem 12-d [Milnor 06| p. 152]. 

4 The proof of Theorem 1 for the case that 

d = 3 

Even in the case that d = 3, the arguments of the proof of Theorem 1 can be 
applied, but we can not exclude the case that R{z) has 4 simple fixed points 
0, wi,W2,W3 such that l/wi,l/w2,l/w2, lie on the same circle. So, we will treat 
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this case by direct calculation using a symbolic and algebraic computation 
system (cf. |Cox, Little and U'Shea~98a1 , |Cox, Little and U'Sliea"98b1 ). 

For this purpose, let 0, wi,W2,w^ be the set of simple fixed points of a given 
R{z) of degree 3 (having simple fixed points only). We may assume that the 
denominator of which has the form + ^2-2^ + biz + 69 with ^ as before. 
Let 

T{z) = ^— (q^O), 
pz + q 

and take the conjugate of R{z) by T{z). Then the coefficients and 60 in 

the denominator + 622;^ + ftiz + 60 change to 

b^{p) = W^W2Wlp^ - {{W2 + ^3)^^! + W^W2)p^ + {Wl +W2+ W^)p - 1, 

blip, q) = (w2,W2Wi - 2bo)q'^p - biq^ , and 
bl{q) = -M'. 

So the condition b\{p,q) /b^iq) = —1 implies that 

_ (W3W2-W1 - 2bo)p - fei 
^ ^0 

and the condition b^ip, q)/b'^{p) = 1 is the equation 

[—WiW2W^ + 6boWiW2W^ — 13bQWiW2Ws + 86o)p 
+ {{Swlwlwl - 12bQWiW2W3 + 126o)&i + {blw2 + blwi)w3 + blwiW2)p'^ 

+ i{-3wiW2W3 + 660)6? - blws - blw2 - blwi)p + bl + bl = 0, (1) 

which we write as A^p"^ + A2p'^ + Aip + Aq = 0, where Ak are functions of 

Wi,W2,W3,bo,bi. 

Here, we consider the equations 

A3 = A2 = Ai = 0. 

By computing the Grobner basis of lexicographic order bi > bo > wi > W2 > 
W3, we obtain the conditions 

^3 = 0, W2 = 0, Wl = 
or W = {W2 — W1W2 + VJijW^ + ( — ^1^2 — WiW2)W3 + W1W2 = 0. 

in C[wi,W2,W3]. The conditions Wk = (k = 1, 2, 3) contradict the assumption 
that R{z) has 4 simple fixed points. Also we recall that the case that W = 
is one excluded in the proof of Theorem 1, and actually the condition W = 
implies that 1/wi, l/u'2, and l/^i'3 form a regular triangle in C. (If d > 4, we 
can assume that there are neither circles nor lines in C — {0} which contain all 
non-zero fixed points.) 

As before, we consider the conjugate of R{z) by the translation Lk{z) = 
z + Wk for every k. Here we need to consider the case of Li{z) = z + wi only. 
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for the other cases are similar. Firstly, take the conjugate of R{z) by Li{z), 
and secondly take the conjugate by T{z), and we see that R{z) changes to 

^ ' Q*{z) 

with 

Q*{z) = bfz^ + bfz^ + bfz + bf, 

where 

bf = {wf + {-W2 - W3)wl + W3W2Wi)p^ + (3u)f + {-2w2 - 2w3)wi 
+W3W2)p^ + {Swi — W2 — W3)p + 1, 

bf = {2wibi + 2wjb2 + 3wf + {-W2 — W3)w\ + W3W2W1 + 2bo)q^p 

+ (61 + 2wib2 + SwDq^, and 
bf = {wibi + wjb2 + wf + bo)q^. 

Hence the condition bf /bf = —1 implies that 
-1 



wibi + wlb2 + wl + bo 

X { (2wibi + 2w\b2 + 3u;f — {w2 + W3)w\ + W3W2W1 + 26o)p 

+ 61 + 2u;i62 + 3w;f}, 

and the condition bf /bf = 1 is the equation 

B3p^ + B2p^ + Bip + Bo = (2) 

with 

-B3 = — s wibi + wlb2 + 2w\ + {—W2 — W3)w\ + W3W2W1 + bo 



X jSififei + (16t(;f 62 + 21w;i + {-5w2 - 5w3)wl + 5w3W2wl + 166ow^i)^i 

+ 8u;i6| + {21wl + (-5u;2 - 5w3)wf + 5w3W2wl + 166ow^?)fe2 

+ lAwf + (— 7it72 — 7w3)wi + + 9w3t(;2 + 'W3)wf 

+ (— 2u;3i(;2 — 2w^W2 + 2160)1^1 + ("i^iu^i ~ 5boW2 — 5boW3)wf 

+ 5boW3W2Wi + 86q > , 
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B2 = {-Uwfbl - {48wfb2 + 75wf - {Uw2 + 14^3)^? + 13^3^2^? + 2'iboWi)bl 
+ {-GOwfbl + (-ISGwf + (40^2 + 40t/J3)?i;^ - 38w3W2wf - 72bowl)b2 

- Ulwf + (58u'2 + 58w3)wl + (-3wi - 62W3W2 - 3wl)wf 

+ {6wsW2 + 6w'lw2 — 114:bo)wf + (— 3w|u;f + 166o'U^2 + 166o^3)w'i 

- UboW3W2Wi - I2bl)bi - 24wlbl + {-lUwf + {26w2 + 26^3)^1 

- 25w3W2wf - A8bow'f)bl + (-leSwJ + (76^2 + 76w3)wf 

+ {-6wl - 86W3W2 - 6wl)wl + {Uwswl + 12wlw2 - 150bo)wf 
+ {-6wlw2 + 28601^2 + 28boW3)wf - 26boW3W2wl - 2Ablwi)b2 

- 8Awl + {56w2 + 56w3)wl + (-9^^ - 73^3^2 - 9wl)w^ 

+ {I8w3wl + 18w|w2 - lUbo)wl + {-9wlwl + 40boW2 + AOboW3)wf 

- 38bQW3W2wl - 396o'«^i + {2blw2 + 2blw3)wi - blw3W2), 

Bi = {-Qwib\ + (-30^^62 - 48t(jf + (4^2 + 4:W3)wl - 'iw3W2Wi - 6bo)bl 

+ (-48u;f62 + (-ISOwi + (14^2 + Uw3)wf - 12w3W2wl - 24boWi)b2 

- lUwl + {20w2 + 20w3)wf - 18t(;3W2tyf - 426ow? + (26o^y2 + 260^^3)^1)6 

- 24wfbl + {-niwl + (13^2 + I3w3)wf - 12w3W2wl - 24bowl)bl 

+ {-168wf + {38w2 + 38w3)wl - 36w3W2wf - 78bowf + (26oU'2 + 260^^3)^^ 

- 84wl + (28w2 + 28w3)wf - 27w3W2wl - 60bowf + (260^2 + 26oU'3)u'f 



Sblwi + 6oi^2 + ^0^3), 



and 



Bo= -bi + (-6W162 - lOwObi + (-12u'f6^ - 38'u;J62 - 29wt - 2boWi)bi 
- 8wlbl - 37wfbl + {-56wl - 260^1)62 - 28wl - 2bowl - bl 

Now, we consider the equations 

A3 = A2 = Ai = and B3 = B2 = Bi = 0. 

By computing the Grobner basis as before, we obtain the conditions 

W3 = 0, W2 = 0, or W2 -W3 = 0, 

in C[w2,W3], which again gives a contradiction to the assumption. Therefore, 
the equation either ([1]) or ([2]) has a solution p. 

Thus we have shown the assertion of Theorem 1 for the case that d = 3. 
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